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STABILITY OF SYMMETRIC CUBES OF VECTOR BUNDLES
ON A CURVE OF RANK TWO WITH EVEN DEGREE
JEONG-SEOP KIM
This paper treats the strict semi-stability of the symmetric power SkE of a stable vector bundle E of
rank 2 with even degree on a smooth projective curve C of genus g ≥ 2. The strict semi-stability of S2E
is equivalent to the orthogonality of E or the existence of a bisection on the ruled surface PC(E) whose
self-intersection number is zero. A relation between the two interpretations is investigated in this paper
through elementary transformations. Also, it is shown that S3E is strictly semi-stable if and only if S2E
is strictly semi-stable.
1. Introduction
All varieties are defined over the field of complex numbers C. Let C be a smooth projective curve and
E be a vector bundle on C of rank r = rkE and degree d = degE. Then E is said to be stable (resp.
semi-stable) if, for every nontrivial proper subbundle F of E with torsion-free quotient E/F , the slope
µ(F ) of F is less than (resp. less than or equal to) µ(E) where the slope is defined by µ(F ) = degF/rkF .
We may assume that the quotients are locally free since torsion-free sheaves are locally free on a curve.
A semi-stable vector bundle E is called strictly semi-stable if E is not stable.
It is natural to ask the stability of the symmetric power SkE when E is stable. Using the correspon-
dence between the stability of E and the irreducibility of its associated representation ρE : pi1(C)→ U(r)
identified by Narasimhan and Seshadri [7], it is able to prove the following.
Proposition 1 ([3, p.53]). Let C be a smooth projective curve of genus g ≥ 2 and E be a stable vector
bundle on C. Then
(1) SkE is semi-stable for all k ≥ 2 for every E, and
(2) SkE is stable for all k ≥ 2 for sufficiently general E.
The next question would be a classification of stable E for which SkE is strictly semi-stable. Because
we are interested in the case where r = 2 and d is even, we may assume that detE = OC after substituting
E by E ⊗ L−1 for some line bundle L with L2 = detE. Note that Sk(E ⊗ L−1) = SkE ⊗ L−k and the
stability is invariant under a twist of a line bundle. As rkSkE = k+1 and detSkE = (detE)(
k+1
2 ) = OC ,
degSkE = 0 and SkE is not stable if it has a proper nontrivial subbundle F → SkE of degree 0. By taking
the dual, we get a proper nontrivial quotient bundle F∨ of (SkE)∨ ∼= Sk(E∨) ∼= Sk(E⊗(detE)∨) ∼= SkE
where degF∨ = −degF = 0. Thus we will not distinguish whether SkE is destabilized by a subbundle
or a quotient bundle. The quotient Q of the destabilizing subbundle F → SkE is a vector bundle of
rkQ = rkSkE − rkF and degQ = 0. Therefore, it is enough to consider destabilizing subbundles F of
rkF ≤ (rkSkE)/2 = (k + 1)/2 to determine the stability of SkE.
For k = 2, S2E is strictly semi-stable if and only if it is destabilized as a surjection S2E → L for some
line bundle L of degree 0. We will observe that this is equivalent to saying that E is orthogonal where
1
ar
X
iv
:2
00
6.
11
73
3v
1 
 [m
ath
.A
G]
  2
1 J
un
 20
20
an orthogonal bundle is defined by a vector bundle E with a nondegenerate symmetric bilinear form
E ⊗ E → L for some line bundle L. According to Mumford’s classification [6], the orthogonal bundles
are given by the direct images of line bundles in ker NmB/C associated to an unramified double covering
B → C. We will check that the images are semi-stable, and describe which of them are strictly semi-stable.
On the other hand, Choe and Park [1] show that there exists stable E whose associated ruled surface
PC(E) admits a bisection of zero self-intersection using elementary transformations. Then its symmetric
square S2E is strictly semi-stable due to the following correspondence.{
k-sections D on PC(E) with D2 = 2kb
} ↔ {line subbundles L−1 → SkE with degL = b}
In Section 2, we will see a relation between orthogonal bundles and such ruled surfaces, and find that
every orthogonal bundle can be obtained by the method of Choe and Park.
For k = 3, since S3E is of rank 4, it can be destabilized by a subbundle of rank 1 or 2. In Section 3,
we will conclude that the strictly semi-stability of S2E and S3E are equivalent.
Main Theorem. Let C be a smooth projective curve of genus g ≥ 2 and E be a stable vector bundle
on C of rank 2 with even degree. Then
(1) S3E is destabilized by a subbundle of rank 1 only if S2E is strictly semi-stable, and there exists
a finite number of such E’s if the determinant of E is fixed.
(2) S3E is destabilized by a subbundle of rank 2 if and only if S2E is strictly semi-stable.
In particular, S3E is strictly semi-stable if and only if S2E is strictly semi-stable.
Putting together with an inclusion Hom(L−1, Sk+1E) → Hom(E ⊗ L−1, SkE) (see the corollary of
Proposition 6), we can come up with the following consequence on the symmetric fourth power S4E.
Corollary. S4E is destabilized by a line subbundle if and only if S2E is destabilized by a line subbundle.
In other words, PC(E) has a 4-section of zero self-intersection if and only if it has such a bisection.
Notice that the class of k-secant divisors of zero self-intersection lies on the boundary of the closure of
the cone of curves NE(X) in N1(X) where X = PC(E) when E is stable [5, I: p.70]. Thus the results
partially answer to the question which asks whether NE(X) is closed or not for stable E and X = PC(E).
By the way, [2] proves that X = PC(E) has a trisection whose self-intersection number is 6 for every E,
which is the possible smallest positive number. So the main theorem gives an affirmative answer that
the minimal self-intersection number for the trisections on X attains 0 only in finite cases if E is stable.
Acknowledgement. I would like to thank my thesis advisor, Prof. Yongnam Lee, for introducing this
topic and giving valuable guidance. This work will be a part of my Ph.D. thesis. I was partly supported
by Samsung Science and Technology Foundation under Project Number SSTF-BA1701-04.
2. Semi-Stable Vector Bundles Whose Symmetric Square is Not Stable
2.1. Classification of Orthogonal Bundles. Let C be a smooth projective curve. Orthogonal bundles
are studied by several authors; Ramanathan [9], Mumford [6], Ramanan [8], and Hitching [4] for instance.
In this paper, we use the following definition presented in Hitching [4].
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Definition. Let E be a vector bundle and M be a line bundle on C. Then E is said to be orthogonal
with values in M if there is a nondegenerate symmetric bilinear form E ⊗ E →M .
By Mumford’s classification [6], if E is an orthogonal bundle of rank 2 with values in OC , then
(1) E = L⊕ L−1 for a line bundle L, or
(2) E = pi∗R where pi : B → C is an unramified double covering and R is a line bundle on B such
that NmB/C(R) = OC .
We denote by Pic(C) the Picard group of C and Jk(C) the Jacobian of line bundles on C of degree k.
Then, in terms of Weil divisors, NmB/C : Pic(B)→ Pic(C) is defined by
NmB/C
(∑
aixi
)
=
∑
aipi(xi).
For a nontrivial unramified double covering pi : B → C, the kernel of NmB/C : J0(B)→ J0(C) is denoted
by Pr(B/C) in this paper. It has two components as
Pr(B/C) = {S ⊗ (i∗S)−1 |S ∈ Pic(B)} = {S ⊗ (i∗S)−1 |S ∈ J0(B)} ∪ {S ⊗ (i∗S)−1 |S ∈ J1(B)}
where i : B → B is the involution induced by pi. We will denote the first summand by Pr0(B/C), which
is known as the Prymian of B over C, and the second one by Pr1(B/C). Then Pr0(B/C) is an abelian
subvariety of J0(B) of dimension g(B)−g(C) = g−1, and Pr1(B/C) is a translation of Pr0(C) in J0(B).
There is a 1-1 correspondence between
{unramified double coverings pi : B → C} ↔ J2(C)
where J2(C) denotes the group of 2-torsion line bundles on C. If pi : B → C corresponds to M ∈ J2(C),
then kerpi∗ = {OC , M}, and det(pi∗R) = M for R ∈ Pr(B/C). Thus Mumford’s classification tells that
if E is an orthogonal bundle of rank 2 with values in OC , then detE = M for some M ∈ J2(C).
Let E be a vector bundle on C of rank 2 and degree 0. If E is orthogonal so that there exists a
nondegenerate symmetric bilinear form E ⊗ E → M , then it induces an isomorphism E → E∨ ⊗M
which is locally written by x 7→ θ(x,−) where θ(x,−) : E →M satisfies θ(x, y) = θ(y, x). Thus degM is
necessarily 0. Moreover, it yields a nontrivial morphism S2E → M . Thus if E is orthogonal, then S2E
is not stable. Conversely, assume that S2E → M is surjective for some M ∈ J0(C). Then it does not
imply that E → E∨ ⊗M is an isomorphism. However, if E is stable, then the morphism becomes an
isomorphism, and it affords that the induced form E⊗E →M is nondegenerate, hence E is orthogonal.
If we further assume that detE = OC , then we can show M ∈ J2(C). For a line bundle L satisfying
L2 = M , we have a nondegenerate symmetric bilinear form (E ⊗ L−1)⊗ (E ⊗ L−1)→ OC . So E ⊗ L−1
is an orthogonal bundle with values in OC , and it follows that M−1 = L−2 = det(E ⊗ L−1) ∈ J2(C).
Remark. If E is strictly semi-stable and detE = OC , then E fits into the exact sequence
0→ L−1 → E → L→ 0
for some L ∈ J0(C) and it gives a surjection S2E → L2. Thus S2E is strictly semi-stable whenever E is
strictly semi-stable. But only trivial extensions are classified to be orthogonal because a direct image of
a line bundle from Pr(B/C) splits if the image is strictly semi-stable as stated in the next proposition.
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Proposition 2. Let pi : B → C be a nontrivial unramified double covering and R ∈ Pr(B/C). Then
E = pi∗R is semi-stable and is strictly semi-stable if and only if R ∈ pi∗J0(C). In particular, E splits
when it is strictly semi-stable.
Proof. Since pi is affine and det(pi∗E) = pi∗(detE) = OB , we have the following exact sequence on B.
0→ R−1 → pi∗E → R→ 0
If there is a surjection E → L for some line bundle L on C, then, we get a nontrivial morphism R−1 → pi∗L
unless pi∗L = R. If pi∗L = R, then deg pi∗L = degR = 0. Otherwise, if R−1 → pi∗L is nontrivial, then
deg pi∗L ≥ degR−1 = 0. Thus it affords that degL = (deg pi∗L)/2 ≥ 0 in both cases.
If degL = 0, then deg pi∗L = 0, and we have either pi∗L = R or R−1. So R ∈ pi∗J0(C) if E is not stable.
Conversely, let R = pi∗L for some L ∈ J0(C). Then pi∗R = (pi∗OB)⊗L = (OC ⊕M)⊗L = L⊕ (L⊗M)
is strictly semi-stable. 
Note from the above that R destabilizes pi∗E for E = pi∗R. Since E is semi-stable and pi is finite,
pi∗E is semi-stable [5, II: p.61], and so pi∗E can be destabilized by at most two distinct line bundles.
If R′ ∈ Pr(B/C) satisfies pi∗R′ = E, then we have either R′ = R or R−1, where the latter is equivalent to
R′ = i∗R because R = S⊗(i∗S)−1 for some S ∈ Pic(B). Therefore, if R, R′ ∈ Pr(B/C), then pi∗R = pi∗R′
if and only if R′ = i∗R unless R = R′. Also, R = i∗R if and only if R ∈ pi∗J0(C). As NmB/C(pi∗L) = L2
for L ∈ Pic(C), pi∗L ∈ Pr(B/C) if and only if L ∈ J2(C). Thus we get pi∗J0(C) ∩ Pr(B/C) = pi∗J2(C),
and its order is 22g−1 because |J2(C)| = 22g and | kerpi∗| = 2 where g is the genus of C. Moreover, they
are exactly the 2-torsion elements of Pr(B/C), that is, pi∗J0(C) ∩ Pr(B/C) = Pr(B/C) ∩ J2(B).
We denote by SUC(2,OC) the space of the S-equivalence classes of semi-stable vector bundles on C
of rank 2 with trivial determinant. Now we are possible to define a map ΦA : Pr(B/C) → SUC(2,OC)
by R 7→ pi∗R ⊗ A after a choice of a nontrivial unramified double covering pi : B → C corresponding to
M ∈ J2(C) and a line bundle A satisfying A2 = M . Then the images of ΦA are the locus of E for which
S2E is strictly semi-stable, and they are the same under the changes of A because the choices differ by
a twist of L ∈ J2(C) and Pr(B/C) is invariant under the translation by pi∗L if L ∈ J2(C). Since ΦA is
generically 2-to-1 by the above argument, the dimension of the locus is equal to that of Pr(B/C).
Proposition 3. The locus of stable E ∈ SUC(2,OC) with strictly semi-stable S2E has dimension g− 1.
Recall that the dimension of the moduli SUC(2,OC) is 3g− 3, and the locus of E ∈ SUC(2,OC) with
S2E being strictly semi-stable is the union of the above locus and the locus of strictly semi-stable E’s.
The latter locus is given by the image of J0(C)→ SUC(2,OC); L 7→ [L⊕ L−1], and its dimension is g.
2.2. k-Sections on a Ruled Surface. The material of this and the next subsection is well-known, but
we include it for the sake of notational clarity. Let E be a vector bundle on C of rank 2. The projective
bundle X = PC(E) with projection Π : X → C is called a ruled surface over C. By Tsen’s theorem, there
exists a section of Π and it is possible to regard the image as an effective divisor C ⊆ X. The Picard group
of X is given by Pic(X) = ZC⊕Π∗ Pic(C) = {kC+bf | k ∈ Z, b ∈ Pic(C)}. A k-secant divisor is a divisor
D on X linearly equivalent to kC + bf for some b ∈ Pic(C), and is called a k-section if D is effective.
If k = 1 (resp. 2, 3), then a k-section D is said to be a section (resp. bisection, trisection). We will
denote by ∼ a linear equivalence and by ≡ a numerical equivalence.
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We fix a 1-secant divisor C1 on X which satisfies pi∗OX(C1) = E. Then pi∗OX(kC1) = SkE for k ≥ 0,
pi∗OX(kC1) = 0 for k < 0, and R1pi∗OX(kC1) = pi∗OX(−(k+2)C1)∨⊗(detE)∨. It is also easy to deduce
that C1
2 = degE. There is a correspondence between k-sections on X and line subbundles of SkE as
effective D ∼ kC1 + bf ↔ D ∈ H0(OX(kC1 + bf)) ↔ s ∈ H0(SkE ⊗ L) ↔ inclusion L−1 s−→ SkE
for L = OC(b), and the self-intersection number of D is equal to
D2 = (kC1 + bf)
2 = k2C1
2 + 2k deg b = k2 degE − 2k degL−1.
For k = 1, a section C0 is called a minimal section if it attains the minimal self-intersection number D
2
among the sections D ∼ C1 + bf for some b ∈ Pic(C). Though the choice of C0 may not be unique, but
the number C0
2 is uniquely determined by E. From the definition of stability, it is easy to check that E
is stable (resp. semi-stable) if and only if C0
2 > 0 (resp. C0
2 ≥ 0).
Let E be a semi-stable vector bundle on C of rank 2 and degree 0. Then SkE is a semi-stable vector
bundle of degree 0, and if L−1 is a line subbundle of SkE of degL = b, then it must follow that b ≥ 0.
That is, D ≡ kC1 + bf is effective only if b ≥ 0. Thus the cone of curves NE(X) ⊆ N1(X) is contained
in the cone C ⊆ N1(X) which is R≥0-spanned by the rays [f ] and [C1]. It is further able to show that
NE(X) = C when E is semi-stable [5, I: p.70]. Therefore, SkE is destabilized by a line subbundle if there
exists a k-section D ≡ kC1 on X for some k > 0, which is equivalent to saying that NE(X) is closed.
Remark. Let E be a semi-stable vector bundle on C of rank 2 with even degree. There are various
characterizations of a k-section D on X which corresponds to a destabilizing line subbundle L−1 → SkE.
(1) D has zero self-intersection.
(2) D lies on the boundary of NE(X).
(3) pi = Π|D : D → C is an unramified k-covering if D is irreducible and reduced.
(4) D is a smooth curve of genus kg−k+1 where g is the genus of C if D is irreducible and reduced.
The proof of (3) is introduced in Rosoff [10]. By (3), D is smooth, so the other equivalences can be shown
using the adjunction and Hurwitz formula.
2.3. Elementary Transformations. Let E be a vector bundle on C of rank 2 and X be the associated
ruled surface Π : PC(E) → C. There are two notions of elementary transformations. One is for vector
bundles and the other is for ruled surfaces. First, we explain the elementary transformation of vector
bundles. Let P ∈ C and fix a line x in the fiber E|P = Π−1(P ). The elementary transformation elmxE
of E at x is defined by the following exact sequence.
0→ elmxE → E α(x)−−−→ CP → 0
Here, α(x) has the kernel x at the fiber E|P → CP . Note that det(elmxE) = detE ⊗OC(−P ).
Next, for the elementary transformation of ruled surfaces, let x ∈ X be a closed point. Notice that the
point x can be identified with a line in the fiber E|P over P = Π(x). Then the elementary transformation
Y := elmxX of X at x is the surface given by the following process.
(1) X˜ is the blowing up of X at x. The strict transform P˜ f ⊆ X˜ of the fiber Pf ⊆ X is a (−1)-curve.
(2) Y is the blowing down of X˜ along P˜ f . Then, the strict transform Z ′ ⊆ Y of the exceptional
divisor Z ⊆ X˜ for X˜ → X becomes a smooth rational curve of zero self-intersection.
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Then Y is again a ruled surface Λ : PC(F ) → C for some vector bundle F on C of rank 2. We denote
the blowing downs by ϕ : X˜ → X and ψ : X˜ → Y , and the contraction point of ψ by y ∈ Y .
Z ⊆ X˜ ⊇ P˜ f
ϕ
tt
ψ
**
x ∈ X
Π ++
Y 3 y
Λtt
P ∈ C
Let C1 be a 1-secant divisor on X such that E = Π∗OX(C1). Then for a section D ∼ C1 +bf on X, we
have Π∗OX(D) = E⊗L for L = OC(b). We will see the nature of the strict transform D′ ⊆ Y of D ⊆ X
after the elementary transformation with regard to either x ∈ D ⊆ X or x 6∈ D ⊆ X. Let F = Λ∗OY (D′).
If x ∈ D ⊆ X, then y 6∈ D′ ⊆ Y , and
F = Λ∗OY (D′) = Λ∗(ψ∗(ψ∗OY (D′)))
= (Λ ◦ ψ)∗(OX˜(D˜)) = (Π ◦ φ)∗(OX˜(D˜ + Z)⊗OX˜(−Z))
= Π∗(φ∗(φ∗OX(D)⊗OX˜(−Z))) = Π∗(OX(D)⊗ Ix)
where D˜ ⊆ X˜ is the strict transform of D ⊆ X. On the other hand, consider the exact sequence
0→ OX(D)⊗ Ix → OX(D)→ Cx → 0
on X. By pushing forward the sequence via Π, we obtain the following exact sequence on C.
0→ F → E ⊗ L β−→ CP → 0
As β = α(x), it affords that F = elmx(E ⊗ L) = elmxE ⊗ L. Next, if x 6∈ D ⊆ X, then y ∈ D′ ⊆ Y , and
F = Λ∗OY (D′) = Λ∗(ψ∗(ψ∗OY (D′)))
= (Λ ◦ ψ)∗(OX˜(D˜ + P˜ f)) = (Π ◦ φ)∗(OX˜(D˜ + P˜ f + Z)⊗OX˜(−Z))
= Π∗(φ∗(φ∗OX(D + Pf)⊗OX˜(−Z))) = Π∗(OX(D)⊗ Ix)⊗OC(P )
where P˜ f ⊆ X˜ and D˜ ⊆ X˜ are as before. By the same argument, we get the exact sequence
0→ F ⊗OC(−P )→ E ⊗ L β−→ CP → 0
on C. Because β = α(x), we deduce that F = elmx(E ⊗ L)⊗OC(P ) = elmxE ⊗ L(P ).
Proposition 4. Let D be a section on X = PC(E) corresponding to a line subbundle L−1 → E. Then,
for the elementary transformation Y = elmxX of X at a point x over P ∈ C, and the strict transform
D′ ⊆ Y of D ⊆ X, there exists the corresponding line subbundleL−1 → elmxE to D′ ⊆ Y and (D′)2 = D2 − 1 if x ∈ D ⊆ X,L−1(−P )→ elmxE to D′ ⊆ Y and (D′)2 = D2 + 1 if x 6∈ D ⊆ X.
Proof. Note that, in the case where x ∈ D, the strict transform D′ on Y corresponds to the line subbundle
L−1 → elmxE. So the self-intersection number is given by
(D′)2 = deg(elmxE)− 2 degL−1 = (degE − 1)− 2 degL−1 = (degE − 2 degL−1)− 1 = D2 − 1.
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The proof is similar for the case where x 6∈ D. 
In the both cases, whether x ∈ D or not, we can see that elmx(Π∗OX(D)) and Λ∗OY (D′) differ by a
twist of a line bundle, and hence Y = PC(F ) = PC(elmxE) for Y = elmxX.
The elementary transformation is possible to be defined at multiple points of X unless the points
contain two closed points in the same fiber of Π : X → C. We introduce an example of an elementary
transformation taken at a double point x  y in which x is a closed point of X over P ∈ C and y is a
point infinitely near to x. Equivalently, y is a closed point of elmxX over the same point P ∈ C.
Example. Let X be a ruled surface Π : PC(E)→ C and D be a section on X with Π∗OX(D) = E ⊗L.
Let x ∈ D be arbitrary and y be the point infinitely near to x in the direction tangent to D at x.
Let P = Π(x) and Ix  y be the ideal sheaf on X which defines y infinitely near to x. By pushing forward
the exact sequence
0→ OX(D)⊗ Ix  y → OX(D)→ OX/Ix  y → 0
on X via Π, we have the below exact sequence on C.
0→ elmx  yE ⊗ L→ E ⊗ L→ CP⊕2 → 0
By Proposition 4, we obtain that Λ∗(OY (D′)) = elmx  yE ⊗ L where Y = elmx  yX is a ruled surface
with projection Λ : Y → C, and D′ ⊆ Y is the strict transform of D ⊆ X.
2.4. Generation of Orthogonal Bundles by Elementary Transformations. Let C be a smooth
projective curve of genus g ≥ 2. Choe and Park [1] use elementary transformations to construct a ruled
surface X = PC(E) where E is stable and X admits a bisection of zero self-intersection. As we have
seen so far, if then, S2E is strictly semi-stable. Also, E is orthogonal if the degree of E is normalized
to be 0 since E is stable. In this subsection, we will briefly review the construction, and show that
the elementary transformation construction generates all the orthogonal bundles.
Let M ∈ J2(C) be nontrivial and Y be the ruled surface Λ : PC(OC ⊕M) → C. Then Y has only
two minimal sections C0 and C∞ which respectively correspond to OC → OC ⊕M and M → OC ⊕M .
Because there is a 1-dimensional family of bisections on Y linearly equivalent to 2C0 whereas Y has only
finitely many sections numerically equivalent to C0, there exists an irreducible bisection in the linear
equivalence class of 2C0. So fix an irreducible bisection B
′ ∼ 2C0 on Y which corresponds to a line
subbundle OC → S2(OC ⊕M) = OC ⊕M ⊕ OC . Then we can obtain desired ruled surfaces by taking
elementary transformations of Y at general points of B′.
Let x1, x2, . . . , x2n be arbitrary points of B
′ and X be the ruled surface Π : X → C attained by
taking elementary transformations of Y at x1, x2, . . . , x2n. To avoid technical issues, we will not deal
with the cases where the points involve distinct closed points in the same fiber of Λ. However, we allow to
choose repeated points. If x1 = x2 = · · · = xm for example, then we can take elementary transformation
at x1  x2  · · ·  xm where xi+1 is infinitely near to xi in the direction i-th tangent to B′ at x1.
Since B′2 = 0, the smoothness of B′ follows from the remark in 2.2. Then it is easy to check that the
strict transform B ⊆ X of B′ ⊆ Y satisfies B2 = 0 as well. Again by the remark, B is smooth, so the strict
transform from B′ to B is an isomorphism. Thus we can regard the points x1, x2, . . . , x2n as points of B,
and as the same with B′ → C, pi = Π|B : B → C is an unramified double covering corresponding to M .
7
Y = PC(OC ⊕M) PC(elmx1(OC ⊕M)) X = PC(elmx1,x2(OC ⊕M))
x1
i(x1)
i(x1)
i(x1)
x2
i(x2)
B′ B
C0 D
Figure 1. Elementary transformation at 2n points for n = 1
Let D be a section on X given by the strict transform of C0 ⊆ Y . As we can observe from the diagram
of the case n = 1, we have
OX(D)|B = OB(i(x1) + i(x2) + · · ·+ i(x2n))
where i : B → B is the involution induced by pi. Let Pi = Π(xi) for i = 1, 2, . . . , 2n and L = OC(b) be
a line bundle on C such that L2 = OC(P1 + P2 + · · ·+ P2n). Then
NmB/C(OB(i(x1) + i(x2) + · · ·+ i(x2n))⊗ pi∗L−1) = OC ,
and hence E := pi∗(OB(i(x1) + i(x2) + · · ·+ i(x2n))⊗ pi∗L−1) = pi∗OB(D − bf) is an orthogonal bundle
with values in OC whose rank is 2 and determinant is M . Since B is effective, there exists the exact
sequence
0→ OX(D − bf −B)→ OX(D − bf)→ OX(D − bf)|B → 0
on X, and by pushing forward the sequence to C via Π, we get E = Π∗OX(D− bf) = Π∗OX(D)⊗L−1.
Applying Proposition 4, we have elmx1,x2,...,x2n(OC ⊕ M) = Π∗OX(D) ⊗ OC(−P1 − P2 − · · · − P2n)
because all xi’s are not contained in C0 due to C0.B = 0. Therefore,
E =
(
Π∗OX(D)⊗ L−2
)⊗ L = elmx1,x2,...,x2n(OC ⊕M)⊗ L.
Thanks to Proposition 2, this argument further asserts that E is semi-stable and is stable in general.
The next theorem shows that this process generates the orthogonal bundles given by direct images.
Theorem 5. Let M ∈ J2(C) be nontrivial and E be a vector bundle on C of rank 2 and determinant M .
If E is orthogonal with values in OC , then there exist points x1, x2 . . . , x2n of a bisection B′ on the
ruled surface Y = PC(OC ⊕M) such that E = elmx1, x2, ...,x2n(OC ⊕M)⊗ L for some L ∈ Jn(C).
Proof. Let B′ ⊆ Y be as before and pi : B → C be the unramified double covering corresponding to M .
Then E = pi∗R for some R ∈ Pr(B/C). Fix L ∈ Jg(C). Since 2g ≥ 2g − 1 = g(B) = dimJ2g(B), there
exist points x1, x2, . . . , x2g ∈ B such that
OB(i(x1) + i(x2) + · · ·+ i(x2g)) = R⊗ pi∗L in J2g(B)
and Pi = pi(xi) satisfies L
2 = OC(P1 + P2 + · · ·+ P2g). If there are two points of the form x and i(x) in
xi’s, say x2g = i(x2g−1), then by taking subtraction as
OB(i(x1) + i(x2) + · · ·+ i(x2g−2)) = R⊗ pi∗(L(−Pg)) in J2g−2(B),
we may assume that there is no pair of points in xi’s of the form x and i(x). Thus we can apply the
previous argument to have E ∼= elmx1,x2,...,x2n(OC ⊕M)⊗ L. 
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For the completeness of the exposition, we leave the below remark which states that the orthogonal
bundles of the form A⊕A−1 are also generated by elementary transformations from OC ⊕OC .
Remark. Let Y be the ruled surface Λ : PC(OC ⊕ OC) → C. We can choose two distinct sections
C0 and C∞ on Y corresponding to different inclusions OC → OC ⊕OC . Then they have no intersection.
For x1, . . . , xn ∈ C0 and xn+1, . . . , x2n ∈ C∞ with Pi = Λ(xi), we can define elmx1,x2,...,x2nF whenever
{P1, . . . , Pn} ∩ {Pn+1, . . . , P2n} = ∅. By Proposition 4, we have two distinct injections
OC(−Pn+1−· · ·−P2n)→ elmx1,x2,...,x2n(OC⊕OC) and OC(−P1−· · ·−Pn)→ elmx1,x2,...,x2n(OC⊕OC).
Since they destabilize elmx1,x2,...,x2n(OC ⊕OC), we have
elmx1,x2,...,x2n(OC ⊕OC)⊗ L = L(−P1 − · · · − Pn)⊕ L(−Pi+1 − · · · − P2n),
for any L ∈ Pic(C). As the choices of xi are arbitrary, we can generate E = A⊕ A−1 for all A ∈ J0(C)
in this way. Indeed, after fixing L ∈ Jg(C), we can find points P1, P2 . . . , P2g ∈ C which satisfy
A = L(−P1 − · · · − Pg) and A−1 = L(−Pg+1 − · · · − P2g). If {P1, . . . , Pg} ∩ {Pn+1, . . . , P2g} 6= ∅, say
Pg = P2g, then we can reduce to the case A = L
′(−P1− · · · −Pg−1) and A−1 = L′(−Pg+1− · · · −P2g−1)
by substituting L′ = L(−Pg) for L. Thus we can obtain that elmx1,x2,...,x2n(OC ⊕OC) ⊗ L = A ⊕ A−1
for some L ∈ Jn(C) by continuing the process.
3. Semi-Stable Vector Bundles Whose Symmetric Cube is Not Stable
3.1. Destabilized by Rank 1. Let C be a smooth projective curve and E be a vector bundle on C of
rank 2. If S3E is strictly semi-stable, then it is destabilized by a subbundle of rank 1 or 2. We first study
the case of rank 1.
Let X be the ruled surface Π : PC(E)→ C and C1 be a 1-secant divisor on X with Π∗OX(C1) = E.
Since Π∗E = Π∗Π∗OC(C1)→ OC(C1) is surjective, we have the following exact sequence on X.
0→ OX(−C1)⊗Π∗ detE → Π∗E → OX(C1)→ 0
By pushing forward the sequence via Π after twisting OX(kC1) for k ≥ 0, we obtain the exact sequence
0→ Sk−1E ⊗ detE → SkE ⊗ E → Sk+1E → 0
on C. Taking the dual of the sequence, we have the following inclusion.
(Sk+1E)∨ → (SkE)∨ ⊗ E∨
Because E∨ ∼= E ⊗ (detE)−1, we get the following result by taking their global sections.
Proposition 6. There is an injection Hom(Sk+1E,detE)→ Hom(SkE,E) for all k ≥ 0.
Assume that E is of degree 0 and there is a nontrivial morphism Sk+1E → L for some L ∈ J0(C).
Twisting by Ak+1 where A is a line bundle on C satisfying Ak−1 = L−1 ⊗ detE, we get a nontrivial
morphism Sk+1(E ⊗ A) → A2 ⊗ detE. Since det(E ⊗ A) = A2 ⊗ detE, by the above proposition,
there exists a nontrivial morphism Sk(E ⊗A)→ E ⊗A. Again twisting by A−k, we obtain a nontrivial
morphism SkE → E ⊗ L. Taking each dual of the morphisms, it is possible to rephrase the proposition
as follows when E is stable.
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Corollary. Let E be a stable vector bundle on C of rank 2 and degree 0. If k ≥ 2 and Sk+1E is
destabilized by a line subbundle L−1, then SkE is destabilized by the subbundle E ⊗ L−1 of rank 2.
This fact means that if Sk+1E is destabilized by a line bundle, then it affects to the stability of SkE.
In the opposite direction, we can show the following fact.
Proposition 7. Let E be a stable vector bundle on C of rank 2 and degree 0. If SkE is destabilized by
a line subbundle, then SmE is strictly semi-stable for all m ≥ k.
Proof. If SkE is destabilized by a line subbundle L−1, then there exists a k-section D ∼ kC1 + bf on X
where L = OC(b) and deg b = 0. Thus there exists the exact sequence
0→ OX((m− k)C1 − bf)→ OX(mC1)→ OD(mC1)→ 0
on X, and by pushing forward the sequence via Π, we have the following exact sequence on C.
0→ Sm−kE ⊗ L−1 → SmE → Π∗OC(mC1)|D → 0
Because deg(Sm−kE ⊗ L−1) = deg(SmE) = 0, Sm−kE ⊗ L−1 destabilizes SmE. 
Now assume further that E is a stable vector bundle with trivial determinant and S3E is destabilized
as L−1 → S3E for some line bundle L of degree 0. By the previous corollary together with completing
the quotient after comparing determinants, we have the below exact sequence on C.
0→ E ⊗ L−1 → S2E → L2 → 0
We can observe from the surjection S2E → L2 that L2 ∈ J2(C) and there exists a bisection B ∼ 2C1+2bf
on X for L = OC(b) with the unramified double covering pi : B → C corresponding to L2. By pushing
forward the exact sequence
0→ OX(C1 − 2bf)→ OX(3C1)→ OB(3C1)→ 0
on X via Π, we obtain the following exact sequence on C.
0→ E ⊗ L−2 → S3E → pi∗OB(3C1)→ 0
Since there cannot exist nontrivial L−1 → E ⊗ L−2 as E is stable, the morphism L−1 → S3E induces
nontrivial L−1 → pi∗OB(3C1), and it affords that pi∗OB(3C1) is not stable.
Note that E⊗L−1 is an orthogonal bundle with values in OC , and pushing forward the exact sequence
0→ OX(−C1 − 3bf)→ OX(C1 − bf)→ OB(C1 − bf)→ 0
on X via Π gives that E ⊗L−1 = Π∗OX(C1 − bf) = pi∗OB(C1 − bf). Then by Mumford’s classification,
OB(C1 − bf) ∈ Pr(B/C). Because the stability of pi∗OB(3C1 − 3bf) = (pi∗OB(3C1)) ⊗ OC(−3b) and
pi∗OB(3C1) are equivalent and OB(3C1 − 3bf) ∈ Pr(B/C), we can deduce that pi∗OB(3C1 − 3bf) splits
by Proposition 2. Therefore, OB(3C1−3bf) is 2-torsion, and hence OB(C1−bf) is 6-torsion in Pr(B/C).
Theorem 8. Let E be a stable vector bundle on C of rank 2 with trivial determinant. If S3E is
destabilized by a subbundle of rank 1 as L−1 → S3E, then L is 4-torsion, and E = (pi∗R)⊗ L for some
R ∈ Pr(B/C) with R6 = OB where pi : B → C is the unramified double covering corresponding to L2.
In particular, S2E is strictly semi-stable.
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We can verify the converse of the theorem as in the next remark. That is, if R ∈ Pr(B/C) ∩ J6(B)
and E = pi∗R, then S3E is destabilized by a line subbundle, but we need to exclude 2-torsion R for
E to be stable. For fixed nontrivial M ∈ J2(C) and a line bundle A with A2 = M , recall the map
ΦA : Pr(B/C) → SUC(2,OC) defined in 2.1. Then for R ∈ Pr(B/C) ∩ (J6(B)\J2(B)), ΦA(R) classifies
the stable vector bundles E where S3E is destabilized by a subbundle of rank 1. Since the number of
choices of M and R are finite, we can conclude that there are only finitely many such E’s in SUC(2,OC).
Remark. Let pi : B → C be a nontrivial unramified double covering corresponding toM ∈ J2(C). Even if
k ≥ 3, we can find in the same manner that E = pi∗R is stable and SkE is destabilized by a line subbundle
for R ∈ Pr(B/C)∩ (J2k(B)\J2(B)). Let Π : X → C and C1 be as before. As S2E is destabilized by OC ,
B realizes as a bisection B ∼ 2C1 on X and then E = pi∗OB(C1). By pushing forward the exact sequence
0→ OX((k − 2)C1)→ OX(kC1)→ OB(kC1)→ 0
on X via Π, we obtain the following exact sequence on C.
0→ Sk−2E → SkE → pi∗OB(kC1)→ 0
Notice that E is orthogonal with values in OC . Hence OB(C1) ∈ Pr(B/C) and E ∼= E∨ ⊗OC = E∨. So
(SkE)∨ ∼= Sk(E∨) ∼= SkE and (Sk−2E)∨ ∼= Sk−2(E∨) ∼= Sk−2E.
Thus the exact sequence splits, for Sk−2E → SkE has a retract as its dual. Therefore, SkE is destabilized
by a line subbundle when pi∗OB(kC1) splits, which is equivalent to saying that OB(C1) is 2k-torsion.
Theorem 8 tells that there is no such E other than the ones given by E = pi∗R when k = 3, and we
will see in the next subsection that it is still true if k = 4. However, the question remains open for k ≥ 5.
3.2. Destabilized by Rank 2 but not by Rank 1. In Proposition 7, we observe that if S2E is
strictly semi-stable, then S3E is destabilized by a subbundle of rank 2. We will prove the converse in
this subsection. Before giving the proof, we need some lemmas.
Lemma 1. Let E be a vector bundle on C of rank 2, then there exists the below exact sequence on C.
0→ (detE)2 → S2(S2E)→ S4E → 0
Proof. Let x and y be a local basis of E. Then we can take a local basis of S4E as
x4, x3y, x2y2, xy3, y4,
and that of S2(S2E) as
u2, v2, w2, uv, uw, vw,
where u = x2, v = xy, w = y2 by taking a local basis of S2E as x2, xy, y2. Then the local map
u2 7→ x4, v2 7→ x2y2, w2 7→ y4, uv 7→ x3y, uw 7→ x2y2, vw 7→ xy3
defines a surjection S2(S2E)→ S4E, and its kernel has a local basis v2 − uw. We prove that the kernel
is (detE)2 by a direct calculation of the transition matrix.
Let x′ and y′ be another local basis of E. Then the coefficients of a transition matrix from the basis
x, y to x′, y′ is written by
x 7→ ax′ + by′ and y 7→ cx′ + dy′.
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It induces a transition matrix of S2E described by
u 7→ a2u′ + 2abv′ + b2v′, v 7→ acu′ + (ad+ bc)v′ + bdw′, and w 7→ c2u′ + 2cdv′ + d2w′
if we take u′ = x′2, v′ = x′y′, w′ = y′2 to be another local basis of S2E. Then, from
v2 7→ (a2c2)u′2 + (ad+ bc)2v′2 + (b2d2)w′2 + 2ac(ad+ bc)u′v′ + (2abcd)u′w′ + 2bd(ad+ bc)v′w′,
uw 7→ (a2c2)u′2 + (4abcd)v′2 + (b2d2)w′2 + 2ac(ad+ bc)u′v′ + (a2d2 + b2c2)u′w′ + 2bd(ad+ bc)v′w′,
we have
v2 − uw 7→{(ad+ bc)2 − 4abcd} v′2 + {2abcd− a2d2 + b2c2}u′w′
=(ad− bc)2(v′2 − u′w′).
Thus we can choose (ad−bc)2 as a transition matrix of the kernel with respect to the given local basis. 
Lemma 2. Let E be a semi-stable vector bundle on C of rank 2 and degree 0 and X be the ruled surface
Π : PC(E) → C. Let C1 be a 1-secant divisor on X satisfying Π∗OX(C1) = E. If h0(OX(kC1)) > 1 for
some k ≥ 2, then there exists a k-section D ∼ kC1 on X which is neither irreducible nor reduced.
Proof. From the final remark of 2.2, a k-section D ∼ kC1 is unramified over C if D is irreducible and
reduced, so there is no multiple point in D|Pf ⊆ Pf for any P ∈ C. Consider the exact sequence
0→ OX(kC1 − Pf)→ OX(kC1)→ OX(kC1)|Pf → 0.
on X. Since H0(kC1 − Pf) = ∅, the image of
PH0(OX(kC1))→ PH0(OX(kC1)|Pf ) = PH0(OP1(k)) ∼= Pk
has positive dimension where Pf is identified with P1 and the space of k points in P1 is so with Pk.
Because the locus in Pk consisting of k points containing repeated points of P1 is given by a single
discriminant equation, the image meets the locus of codimension 1 in Pk. It means that there exists a
k-section D ≡ kC1 which has a multiple point in D|Pf ⊆ Pf . Thus the assertion follows. 
Theorem 9. Let E be a stable vector bundle on C of rank 2 with even degree. If S3E is destabilized by
a subbundle of rank 2, but not by a line subbundle, then S2E is strictly semi-stable.
Proof. We may assume that detE = OC . Suppose that there exists a nontrivial morphism F → S3E for
some stable vector bundle F on C of rank 2 and degree 0. Let X be the ruled surface Π : PC(E) → C
and C1 be a 1-secant divisor on X such that E = Π∗OX(C1). Then, from the correspondence
HomOX (Π
∗F,OX(3C1)) ∼= HomOC (F,Π∗OX(3C1)) = HomOC (F, S3E),
we have a nontrivial morphism f : Π∗F → OX(3C1) on X. Since im f is a torsion-free sheaf of rank 1,
we can write im f = OX(kC1 + bf)⊗IZ for some integer k, b ∈ Pic(C), and a 0-dimensional subscheme
Z of X, which may be ∅. As im f ↪→ OX(3C1) induces a nontrivial morphism OX(kC1 +bf)→ OX(3C1)
between the reflexive hulls, it affords that k ≤ 3 and deg b ≤ 0.
Let P ∈ C be arbitrary and Pf denote the P1-fiber of Π over P . Since there is a trivialization
F |U ∼= OU ⊕OU in a neighborhood U ⊆ C of P ∈ C, we get Π∗F |Pf ∼= OP1 ⊕OP1 . Then by restricting
the surjection Π∗F → im f onto a P1-fiber of Π : X → C, we obtain a surjection OP1 ⊕ OP1 → OP1(k).
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Since OP1(k) cannot be generated by global sections when k < 0, we get k ≥ 0. Also, by restricting the
surjection Π∗F → im f onto an m-section D ∼ mC1 + df for some d ∈ Pic(C) of deg d = d, we have
a surjection Π∗F |D → OX(kC1 + bf) ⊗ IZ |D. Because Π|D : D → C is finite, Π∗F |D = Π|D∗F is a
semi-stable vector bundle on D of degree 0 [5, II: p.61]. Thus
0 ≤ degOX(kC1 + bf)⊗ IZ |D ≤ (kC1 + bf).(mC1 + df) = kd+m deg b.
Since the R-ray generated by [C1] lies on the boundary of the cone of ample divisors in N1(X), we can
choose a smooth curve D ≡ mC1 + df with d/m > 0 being arbitrary small as taking m to be sufficiently
large. So deg b is necessarily 0. Consider the exact sequence
0→ OX(lC1 + cf)⊗Π∗L⊗ IW → Π∗F → OX(kC1 + bf)⊗ IZ → 0
on X where L = OC(a) = detF , l is an integer, c ∈ Pic(C), and W is a 0-dimensional subscheme of X
where W is possibly ∅. Applying Whitney’s formula for coherent sheaves to the sequence, we get
c1(Π
∗F ) = (kC + bf) + (lC + cf) and c2(Π∗F ) = (kC1 + bf).(lC1 + cf) + len(Z) + len(W ).
Because c1(Π
∗F ) = af , c2(Π∗F ) = 0, and C12 = 0, we obtain l = −k, c = a− b, and Z = W = ∅.
We have the below consequences from the inclusion OX(kC1 + bf)→ OX(3C1) when k = 0, 1, 2.
(i) k = 0. After pushing forward 0→ OX(bf)→ OX(3C1), we get an injection OC(b)→ S3E on C,
and it yields a contradiction to the assumption that S3E is not destabilized a line subbundle.
(ii) k = 1. After twisting 0→ OX(C1 +bf)→ OX(3C1), we can obtain that H0(OX(2C1−bf)) 6= ∅,
and it implies that there exists a bisection of zero self-intersection. Thus S2E is not stable.
(iii) k = 2. After twisting 0→ OX(2C1+bf)→ OX(3C1), we can observe that H0(OX(C1−bf)) 6= ∅,
and it affords that there is a section of zero self-intersection. It contradicts the stability of E.
Now the case is reduced to k = 3. Note that b = 0 since OX(−bf) is effective due to the inclusion
OX(3C1 + bf)→ O(3C1). Then we have the following exact sequence on X.
0→ O(−3C1)⊗Π∗L→ pi∗F → OX(3C1)→ 0
By pushing forward the above sequence via Π, we get the exact sequence
0→ F → S3E → E∨ ⊗ L→ 0
on C, and it gives that L3 = OC as comparing the determinants. Moreover, by taking the dual of the
sequence, we obtain an injection E ⊗ L−1 → S3E. Repeating the entire arguments with respect to
E ⊗ L−1 → S3E, we can say either S2E is not stable or there exists the following exact sequence on X.
0→ OX(−3C1)⊗Π∗L−2 → Π∗(E ⊗ L−1)→ OX(3C1)→ 0 (∗)
First, let L 6= OC . By pushing forward (∗) via Π after twisting OX(−C1), we have the exact sequence
0→ S2E → S2E ⊗ L−2 → 0
on C, and so S2E ∼= S2E ⊗ L. Twisting L on the both sides, we also obtain that S2E ⊗ L ∼= S2E ⊗ L2.
That is, S2E ⊗ L−1 ∼= S2E ∼= S2E ⊗ L. By twisting L±1 to the exact sequence
0→ OC → S2(S2E)→ S4E → 0
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on C which comes from Lemma 1, we get the below exact sequence on C.
0→ L±1 → S2(S2E)→ S4E ⊗ L±1 → 0
Thus we can see that H0(S2(S2E)) 6= ∅, and hence H0(S4E ⊗ L±1) 6= ∅. Then there exist nontrivial
morphisms L∓1 → S4E, and they induce nontrivial morphisms E ⊗ L∓1 → S3E by the corollary of
Proposition 6. Repeating the entire arguments again with respect to the morphisms E ⊗ L∓1 → S3E,
we can assert either S2E is not stable or there are the exact sequences
0→ OX(−3C1)⊗Π∗L−2 → Π∗(E ⊗ L−1)→ OX(3C1)→ 0
on X which are in other way written by
0→ OX(−3C1 ∓ af)→ Π∗E → OX(3C1 ± af)→ 0.
Since L = OC(a) is assumed to be nontrivial 3-torsion, OX(3C1 + af) 6= OX(3C1− af). So by adjoining
0→ OX(−3C1 + af)→ Π∗E and Π∗E → OX(3C1 + af)→ 0,
we get a nontrivial morphism OX(−3C1 + af)→ OX(3C1 + af) that yields a 6-section D ∼ 6C1 on X.
If D is neither irreducible nor reduced, then D = [kC1 +bf ]∪ [mC1 +df ] for some k, m ≥ 0, k+m = 6,
and b+d = 0 where [kC1+bf ] denotes an effective divisor numerically equivalent to kC1+bf on X. Recall
that an effective divisor in the numerical equivalence class of kC1 + bf corresponds to a line subbundle
of SkE whose degree is −b. Thus b, d ≥ 0, and only the below cases are possible.
(i) D = [C1] ∪ [5C1] implies that E is not stable,
(ii) D = [2C1] ∪ [4C1] implies that S2E is stable, and
(iii) D = [3C1] ∪ [3C1] implies that S3E is destabilized by a line subbundle.
So we may assume that D is irreducible and reduced. By restricting the three surjections
Π∗E → OX(3C1 + af), Π∗E → OX(3C1 − af), and Π∗E → OX(C1),
on X to D, we have the following three surjections on D.
Π∗E|D → OD(3C1 + af), Π∗E|D → OD(3C1 − af), and Π∗E|D → OD(C1)
Note that the three quotients of Π∗E|D are line bundles on D of degree 0. Since Π∗E|D is a semi-stable
vector bundle on D of rank 2, it has at most two distinct quotient line bundles of degree 0. So the third
one is equal to the first one or second one. Thus we get either
OD(2C1 + af) ∼= OD or OD(2C1 − af) ∼= OD.
As D is effective, by pushing forward one of the exact sequences
0→ OX(−4C1 ± af)→ OX(2C1 ± af)→ OD(2C1 ± af)→ 0
on X via Π, we have the exact sequence
0→ S2E → Π∗OD → S2E → 0
on C because (S2E)∨ ∼= S2(E∨) ∼= S2E and S2E ∼= S2E ⊗ L±1. Notice that Π∗OD splits as OC ⊕ Q.
Thus it must follow that H0(S2E) 6= ∅ which gives rise to the strict semi-stability of S2E.
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Next, let L = OC . By pushing forward (∗) via Π, we have the following exact sequence
0→ E → S3E → E → 0
on C. Since E and S3E are respectively isomorphic to each self-dual, S3E → E has a section, and hence
the exact sequence splits as S3E ∼= E ⊕ E. Composing S3E ∼= E ⊕ E with the exact sequence
0→ S2E → S3E ⊗ E → S4E → 0
on C from the beginning of 3.1, we get the following exact sequence.
0→ S2E → (E ⊗ E)⊕ (E ⊗ E)→ S4E → 0.
Since E is stable, it affords that HomOC (E,E) ∼= C, and so h0((E ⊗ E)⊕ (E ⊗ E)) = 2h0(E ⊗ E) = 2.
Thus we get either h0(S2E) 6= 0 or h0(S4E) ≥ 2. Then it remains to show that S2E is strictly semi-stable
when h0(S4E) > 1. If h0(S4E) = h0(OX(4C1)) > 1, then Lemma 2 shows that there exists a divisor
D ∼ 4C1 on X which is neither irreducible nor reduced. So D is necessarily a union of two bisections
numerically equivalent to 2C1 because there is no section on X of the numerical equivalence class of C1.
Since the effectiveness of B ≡ 2C1 implies the strict semi-stability of S2E, we complete the proof. 
By the corollary following Proposition 6, if S4E is destabilized by a line subbundle, then S3E is
destabilized by a subbundle of rank 2. Combining with Theorem 9, we obtain the following result.
Corollary. Let C be a smooth projective curve and E be a stable vector bundle on C of rank 2 with
even degree. Let X = PC(E) be the ruled surface and C1 be a 1-secant divisor on X satisfying C12 = 0.
Then there exists a 4-section D ≡ 4C1 if and only if there exists a bisection B ≡ 2C1 on X.
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